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Abstract
We examine an exact solution which represents a charged black hole in a Kaluza-Klein universe
in the five-dimensional Einstein-Maxwell theory. The spacetime approaches to the five-dimensional
Kasner solution that describes expanding three dimensions and shrinking an extra dimension in
the far region. The metric is continuous but not smooth at the black hole horizon. There appears
a mild curvature singularity that a free-fall observer can traverse the horizon. The horizon is a
squashed three-sphere with a constant size, and the metric is approximately static near the horizon.
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I. INTRODUCTION
Higher-dimensional spacetimes are investigated extensively in the context of unified the-
ories. Spacetimes of the Kaluza-Klein type, non-compact three-dimensional space with
compact extra dimensions of small size, would accord with effective four-dimensional space-
time. Black holes with compact extra dimensions, so-called Kaluza-Klein black holes, could
be suitable for the model describing black holes that reside in our four-dimensional world.
For example, five-dimensional squashed Kaluza-Klein black hole solutions [1–30] behave as
fully five-dimensional black holes near the horizon and asymptote to the four-dimensional
Minkowski spacetime with a compact extra dimension. The squashed black holes are con-
structed on the Gross-Perry-Sorkin (GPS) monopole solution [31, 32], and they have smooth
horizons.
One of the important questions for the Kaluza-Klein spacetime model is why the size
of extra dimensions are too small to detect by experiments. An interesting explanation is
that the three-dimensional space expands while the extra dimensions shrink enough in the
history of the universe [33–36]. In the five-dimensional case, the (4+1)-dimensional Kasner
solution, three-dimensional space expands while an extra dimension shrinks with the time
evolution, provides such a model universe. Gibbons, Lu and Pope generalized the GPS
monopole solution to dynamical ones [37], which nicely behaves as the Kasner universe in a
distant region.
As generalizations of the Kastor-Traschen solution that describes charged black holes in
de Sitter universe [38], there exist a lot of solutions on higher-dimensional black holes for the
Einstein-Maxwell system [39–44], and brane solutions [37, 45] in expanding universe models.
All of these solutions are constructed using harmonic functions on four-dimensional Ricci
flat spaces, where the harmonic functions contain the time-coordinate as a parameter. Time
evolution of these spacetimes are driven by a cosmological constant, and then, all spatial
dimensions expand in the laps of time.
In this paper, we investigate black hole solutions on the dynamical GPS monopole solution
derived by Gibbons, Lu and Pope [37]. Since a time slice of the dynamical GPS monopole
solution is a Ricci flat space which has the time-variable as a parameter, by using suitable
harmonic functions on the space we can construct an exact time-dependent solution in the
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five-dimensional Einstein-Maxwell theory. 1 The solution approaches to the dynamical GPS
monopole solution in the far region, expanding three dimensions and shrinking a compact
dimension, then it describes a charged black hole in a Kaluza-Klein universe. What happens
to the black hole when the extra dimension shrinks so that its size becomes smaller than
the size of the black hole? To answer this question, we study geometrical properties of the
solution.
This paper is organized as follows. We present the explicit form of the solution in Sec.II.
The curvature singularities are studied in Sec.III. We give a C0 extension of the metric, and
show that the solution describes a black hole in Sec.IV. Geometrical properties of the event
horizon are also discussed. We summarize our results in Sec.V.
II. EXACT SOLUTION
We consider exact charged dynamical solutions in the five-dimensional Einstein-Maxwell
theory with the action2
S =
1
16pi
∫
d5x
√−g (R− FµνF µν) . (1)
The metric and the Maxwell field of the solutions are written as
ds2 = −H−2dt2 +H [V (dr2 + r2dΩ2S2) +N2V −1(dψ + cos θdφ)2] , (2)
Aµdx
µ = ±
√
3
2
H−1dt, (3)
where dΩ2S2 = dθ
2 + sin2 θdφ2 is the metric of unit two-dimensional sphere, S2, and the
functions H and V are given by
H = 1 +
M
r
, (4)
V =
t
N
+
N
r
, (5)
where M and N are positive constants. As will be shown later, the metric describes black
holes in an expanding Kaluza-Klein universe. The coordinates run the ranges of −∞ < t <
1 By the Kaluza-Klein reduction of the solution in this paper, we obtain a solution in Einstein-Maxwell-
dilaton system discussed in ref. [46, 47].
2 The solution discussed in this paper is also a solution of the Einstein-Maxwell-Chern-Simons system.
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∞, −M < r < ∞, 0 ≤ θ ≤ pi, 0 ≤ φ ≤ 2pi, and 0 ≤ ψ ≤ 4pi. The angular part of the
space consists twisted S1 bundle over S2.
If the parameter M vanishes, the solution (2) coincides with the vacuum dynamical GPS
monopole solution [37]
ds2 = −dt2 +
(
t
N
+
N
r
)
(dr2 + r2dΩ2S2) +N
2
(
t
N
+
N
r
)−1
(dψ + cos θdφ)2. (6)
It is easily seen by a coordinate transformation that the point r = 0 on a time slice t = const.
is regular, and there is an initial singularity at tr = −N2. In the limit r → +∞ with
t = finite, the metric (2) as same as the metric (6) approaches to the five-dimensional
Kasner-like metric with twisted S1 in the form
ds2 ≃ −dt2 + t
N
(dr2 + r2dΩ2S2) +N
2N
t
(dψ + cos θdφ)2, (7)
where the size of three-dimensional space increases and the size of S1 decreases as the time
t laps [48]. It is clear that the metric (2) has a null infinity at r = +∞, t = +∞ in the
Kasner-like region. On the other hand, in the limit r → 0 with t = finite, the metric (2)
approaches
ds2 ≃ − r
2
M2
dt2 +
MN
r2
dr2 +MN
[
dΩ2S2 + (dψ + cos θdφ)
2
]
. (8)
It will be clarified, the metric (8) in the form of AdS2×S3 does not describe near horizon
geometry.
The black hole solution (2) is constructed on the dynamical GPS solution. If we take a
Kaluza-Klein reduction of the metric (2) with respect to the Killing vector field ∂/∂ψ, the
obtained four-dimensional Einstein-Maxwell-dilaton solution coincides with that in [46, 47].
III. CURVATURE SINGULARITIES
To examine the global structure of the spacetime with the metric (2), we first seek the lo-
cations of curvature singularities. The Kretschmann invariant and the square of the Maxwell
field are
RµνρσRµνρσ ∝ 1
(M + r)6(N2 + rt)6
, (9)
F µνFµν ∝ 1
(M + r)3(N2 + rt)
. (10)
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We see that there are curvature singularities at r = −M and rt = −N2. These two
singularities intersect at t = N2/M > 0, r = −M < 0 (see Fig.1).
For the spacetime signature (−,+,+,+,+), the inequality H(r)V (t, r) > 0 should be
hold. Namely, we can consider three regions: (I) r > 0, rt > −N2, (II) −M < r < 0,
rt > −N2, and (III) r < −M , rt < −N2. Since the metric (2) in the region III describes
a spacetime with a naked singularity, then we concentrate on the regions I and II. We will
show, hereafter, that the metric (2) in the combined regions I and II represents a black hole.
FIG. 1: Curvature singularities are shown by dashed (blue) curves, tr = −N2, and a dot-dashed
(red) line, r = −M , in the t-r plane. The metric (2) describes a spacetime with the signature
(−,+,+,+,+) in three regions: I (r > 0, rt > −N2), II (−M < r < 0, rt > −N2), and III
(r < −M , rt < −N2).
We consider the normal vector field n
(1)
µ dxµ = dr to the r = const. surfaces. The norm
of the vector field is given by
gµνn(1)µ n
(1)
ν = H
−1V −1. (11)
Since the norm is positive in the region II, then the curvature singularity r = −M in the
region II is timelike.
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We also consider the normal vector field n
(2)
µ dxµ = rdt+ tdr to the rt = const. surfaces.
The norm of the vector is
gµνn(2)µ n
(2)
ν = −H2r2 +H−1V −1t2 (12)
In the limit rt → −N2 in the regions I and II, the norm (12) becomes +∞. Then, the
curvature singularities rt = −N2 in the both region I and II are timelike.
IV. EXTENSION OF SPACETIME
A. New Coordinates
The metric (2) has an apparent singularity at r = 0. We investigate the possibility of
extension by using null geodesics starting from the region r > 0.
If we restrict ourselves to the null geodesics confined in the t-r plane, i.e., θ = const.,
φ = const., ψ = const., the null geodesics are determined by the null condition,
−H−2dt2 +HV dr2 = 0. (13)
Then, we have (
dt
dr
)2
=
(r +M)3(tr +N2)
Nr4
. (14)
For ingoing future null geodesics, increasing t and decreasing r, we see that t should diverge
as r → 0 with tr = finite. The null geodesics terminate the coordinate boundary r → 0
with tr = finite. Then, we try to extend the metric there.
In many cases, a set of null geodesics is a powerful tool to construct coordinates covering
the black hole horizons. Unfortunately, in our case, we hardly solve (14) in analytic form.
Then, we use curves that are approximate solutions for (14) in the vicinity of r = 0. We
assume the approximate solutions in the form,
tr = a + urb + cr, (15)
where a, b, c are constants, and u is an arbitrary parameter. Substituting (15) into (14),
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and taking the limit r → 0, we can determine the constants a, b, c as
a =
M3
2N
(
1 +
√
1 +
4N3
M3
)
, (16)
b = 1− M
3
2aN
= 1− 1
1 +
√
1 + 4N3/M3
, (17)
c = −3(a +N
2)
M
= −3M
2
2N
(
1 +
2N3
M3
+
√
1 +
4N3
M3
)
. (18)
The constant b takes a value in the range 1/2 < b < 1.
The curves (15) with (16)-(18) are approximately ingoing future null geodesics that attain
the coordinate boundary. The free parameter u, which labels the curves, can be used as a
new coordinate.
Now, we introduce new coordinates (ρ, u) as
ρ = rb, u =
(t− c)r − a
rb
, (19)
then the metric (2) and the Maxwell field (3) take the forms,
ds2 = − ρ
2
H ′2
du2 + 2
L
bH ′2
dudρ+
H ′3K −NL2
b2NH ′2ρ2
dρ2
+
H ′K
N
dΩ2S2 +
H ′N3
K
(dψ + cos θdφ)2, (20)
Aµdx
µ = ±
√
3
2H ′
[
ρdu− L
bρ
dρ
]
, (21)
where
H ′ =M + ρ1/b, K = N2 + a+ uρ+ cρ1/b, L = a + (1− b)uρ. (22)
In the limit ρ → 0 with u = finite, (equivalently, r → 0 with tr = a ), the metric (20) and
the Maxwell field (21) behave as
ds2 → 2a
bM2
dudρ− M
4
4a2b2N2
u2dρ2 +M
N2 + a
N
dΩ2S2 +
MN3
N2 + a
(dψ + cos θdφ)2, (23)
Aµdx
µ → ±
√
3M2
4abN
udρ, (24)
where a pure gauge term ρ−1dρ in Aµdx
µ is omitted. The metric, which represents
AdS2×(squashed S3), and the Maxwell field are regular at ρ = 0. We also see that the ρ = 0
surface is a null surface, and the angular part of the metric, which describes a squashed S3,
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does not depend on the time at ρ = 0. It means that expansion of outgoing null bundle
emanating from the squashed S3 on a time slice u = const. is vanishing at ρ = 0. The area
of the squashed S3 at ρ = 0 is given by
AH =
√
M3N(N2 + a)AS3 , (25)
where AS3 denotes the area of a unit S
3.
B. Extension
Here, we extend the metric across the ρ = 0 surface. Similar to the discussion in [21],
we assume that the function L in (22) is used globally, and the functions H ′ and K in (22),
which contain ρ1/b, are extended as
H ′ =M +Θ(ρ) |ρ|1/b, K = N2 + a+ uρ+ c Θ(ρ) |ρ|1/b, L = a+ (1− b)uρ, (26)
where Θ(ρ) denotes a step function, Θ(ρ) = +1 (ρ ≥ 0), − 1 (ρ < 0). The metric (20) and
the Maxwell field (21) with (26) are continuous at ρ = 0.
Introducing new coordinates r′(< 0) and t′ in the ρ < 0 region by
ρ = −(−r′)b, u = (t
′ − c)(−r′) + a
(−r′)b , (27)
we show that the metric (20) and the Maxwell field (21) with (26) reproduce
ds2 = −
(
1 +
M
r′
)−2
dt′2 +
(
1 +
M
r′
)[(
t′
N
+
N
r′
)
(dr′
2
+ r′
2
dΩ2S2)
+N2
(
t′
N
+
N
r′
)−1
(dψ + cos θdφ)2
]
, (28)
Aµdx
µ = ±
√
3
2
(
1 +
M
r′
)−1
dt′. (29)
The metric and the Maxwell field coincide with the metric (2) and the Maxwell field (3)
with r′ < 0. Then it is clear that the spacetime with the metric (20) with (26) gives a
C0 extension of the metric (2) in the region I to the region II. That is, the null boundary
r → 0+, t→∞ with rt = a in the region I is attached the null boundary r → 0−, t→ −∞
with rt = a in the region II.
The outer region I becomes asymptotically the Kasner-like universe described by (7),
then it has a null infinity. However, any null geodesic starting from a point in the inner
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region II cannot reach the null infinity. Therefore, the ρ = 0 surface is an event horizon. The
exact solution (2) with (3) indeed represents the charged black hole in the five-dimensional
anisotropically expanding Kaluza-Klein universe. We see by the metric (23) that the horizon
shape is not a round S3 but the squashed S3. The area of the event horizon is independent
of the time.
C. Penrose diagram
According to the extension in the previous subsection, the Penrose diagram of the solution
(2) is shown in the Fig.2.
FIG. 2: Penrose diagram of t− r plane. The outer region I and the inner region II are joined at
the event horizon, r = 0 and rt = a. The null infinity exists at r = +∞ and t = +∞. The wavy
lines are curvature singularities. Dashed curves denote t = const. surfaces, and thin solid curves
denote r = const. surfaces.
In the outer region I, the geometry looks like the anisotropic Kasner universe described
by (7) in the far region, r ≫ N,M , where the three-dimensional space expands infinitely,
while the compact extra dimension shrinks with the time evolution. There is a null infinity
at r = +∞, t = +∞. There also exists a timelike singularity at rt = −N2. In the inner
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region II, there are timelike singularities at r = −M < 0 and rt = −N2. Two regions I and
II are attached at the event horizon ρ = 0 in the new coordinate, that is, at the coordinate
boundary in the old coordinates r = 0±, t = ±∞ with tr = a = finite.
We have the metric with all of the components are continuous at the event horizon.
Although the metric is not smooth at the horizon, the Kretschmann invariant is finite there,
and components of the Ricci tensor are finite in regular coordinate basis, du and dρ. We
find, however, that some components of Riemann curvature diverge there.
The singularity on the horizon is relatively mild. For example, a component of Riemann
curvature diverges at ρ = 0 as
Rθρθρ ∝ ρ−2+1/b, (30)
where 1/b takes a value in the range 1 < 1/b < 2.3 Because the integration of the curvature
component in an infinitesimal segment across the horizon:∫ +ǫ
−ǫ
dρRθρθρ (31)
is finite, the tidal force causes finite difference in deviation of geodesic congruence crossing
the horizon. Then, the singularity is relatively mild so that an observer can traverse the
horizon.
We have extended the metric across the surface r = 0 and t =∞ to clarify the spacetime
is black hole. Although the coordinate boundaries r = 0+ and t = −∞ in the region I, and
r = 0− and t = +∞ in the region II would be extendible, explicit extension is not done yet.
D. Static geometry near event horizon
The spacetime is dynamical because the metric (2) does not admit any timelike Killing
vector. However, (23) means the size of event horizon, given by (25), is constant during
evolution of the universe.
To observe the geometry near horizon clearly, we consider the limit r → 0+, t → ∞
3 Note that this implies the existence of a parallelly propagated curvature singularity at the horizon along
a null geodesic falling into the black hole since ∂/∂ρ is the tangent vector to the approximate null geodesic
that agrees with an exact geodesic at the horizon, and ∂/∂θ is a regular vector at the horizon.
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keeping rt→ finite of the metric (2). In this limit the metric has the form of
ds2 ≃ − r
2
M2
dt2 +
M(rt +N2)
Nr2
dr2 +
M(rt +N2)
N
dΩ2S2 +
MN3
rt+N2
(dψ + cos θdφ)2. (32)
Introducing coordinates
ρ˜2 =
M
N
(rt+N2), τ =
N
M2
log t, (33)
we see the metric (32) becomes
ds2 ≃ −f(ρ˜)dτ 2 − 4M
2ρ˜3
N(ρ˜2 −MN)dτdρ˜+
4ρ˜4
(ρ˜2 −MN)2 dρ˜
2
+ρ˜2dΩ2S2 +
M2N2
ρ˜2
(dψ + cos θdφ)2, (34)
f(ρ˜) = (ρ˜2 − ρ˜2+)(ρ˜2 − ρ˜2−), ρ˜2± =
M(M3 + 2N3)±√M5(M3 + 4N3)
2N2
. (35)
Further, introducing a coordinate
dT = dτ +
2M2ρ˜3
N(ρ˜2 −MN)f(ρ˜)dρ˜, (36)
we have the metric (34) in the form
ds2 ≃ −f(ρ˜)dT 2 + 4ρ˜
4
f(ρ˜)
dρ˜2 + ρ˜2dΩ2S2 +
M2N2
ρ˜2
(dψ + cos θdφ)2. (37)
This metric is a limiting case of static charged squashed Kaluza-Klein black hole solutions
derived in ref. [5]. Taking the limit that the asymptotic size of the extra dimension becomes
zero, the charged squashed Kaluza-Klein metric reduces to (37). It is clear that the event
horizon is static.
At the late stage, the three-dimensional distances between observers at r = const. 6= 0
and constant angular coordinates increase by the cosmological scale factor ∼ √t, and the
size of the extra dimension shrinks as ∼ 1/√t. Nevertheless, near black hole region, i.e.,
r → 0, t→∞ with rt = const., for an observer at a finite circumference distance ρ˜ the size
of extra dimension is the finite time-independent value MN/ρ˜.
It is also clear from (37) that the horizon is non-degenerate though the metric is con-
structed by using the harmonic function H on a Ricci flat base space, in contrast to station-
ary extremal charged black holes, which have degenerate horizons. This is similar to the
cosmological charged black holes with a cosmological constant [42].
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E. Expansion of a null congruence
Here we calculate the expansions of the null vector fields emanating from the closed
surface r = const. on a t = const. slice. The expansions are defined by
θ± = hµν∇µk(±)ν , (38)
where k(+)µ∂µ and k
(−)µ∂µ denote future null vector fields. We choose the null vector fields
k(±)µ∂µ such that
k(+)µ
∂
∂xµ
=
1√
2
∂
∂t
+
1
H
√
2HV
∂
∂r
, (39)
k(−)µ
∂
∂xµ
=
H2√
2
∂
∂t
−
√
H
2V
∂
∂r
, (40)
where k(±) are null vectors in the direction of increasing/decreasing r coordinate, respec-
tively. The vectors k(±) are regular in the far region, r ≫ M,N , and they satisfy the
relations k(−)µ∇µk(−)ν = 0 , and gµνk(+)µk(−)ν = −1. Then, they are regular everywhere.
The metric on S3 (r = const., t = const.), hµν , is given by
hµν = gµν + k
(+)
µ k
(−)
ν + k
(+)
ν k
(−)
µ . (41)
In the case of (39) and (40), hµν becomes
hµνdx
µdxν = HV r2dΩ2S2 +N
2HV −1(dψ + cos θdφ)2. (42)
The expansions of null geodesic congruences on the three-dimensional space (42) are
obtained as
θ+ =
rH2
√
HV + (3NV + tH)
2
√
2NrH5/2V 3/2
, (43)
θ− =
rH2
√
HV − (3NV + tH)
2
√
2NrH1/2V 3/2
. (44)
In the limit r → 0, t→∞ with tr = a, θ+ = 0 and θ− = const. < 0. Then we see that the
event horizon, r = 0, t =∞ with tr = a surface, is an apparent horizon.
We show the sign of θ± in the Penrose diagrams in the Fig.3. We can see that outside the
black hole, r > 0, there is a region of (θ+, θ−) = (+,+) like an expanding universe, while
inside the black hole, r < 0, there is a trapped region (θ+, θ−) = (−,−) .
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FIG. 3: The sign of θ± in the Penrose diagram. Pairs of (±,±) denote the sign of (θ−, θ+).
Dotted (red) curves and solid (blue) curves denote θ+ = 0 and θ− = 0 surfaces, respectively.
V. SUMMARY
We examine the exact solution which represents a charged black hole resides in a five-
dimensional Kasner-like universe in the Einstein-Maxwell theory. Outside of the black hole
horizon, r > 0, the metric approaches to the five-dimensional Kasner-like universe, where
three-dimensional space expands while a compact extra dimension shrinks, in the far region.
The universe has a future null infinity in the late time and a timelike singularity in the early
stage. Inside of the black hole horizon, r < 0, there are also timelike singularities. We give a
C0 extension of the spacetime across the event horizon r = 0. Thus the solution represents
the charged black hole sitting in the dynamical Kaluza-Klein universe. The shape of the
horizon is a squashed S3, and its area does not depend on the time though the spacetime is
dynamical.
The metric is not smooth at the horizon. Even though the Kretschmann invariant is fi-
nite, some components of Riemann curvature in a regular basis diverge at the horizon. The
curvature singularity is relatively mild because an integration of the curvature in an infinites-
imal segment across the horizon is finite. Therefore, a free-falling observer can traverse the
horizon. In contrast to the fact that the five-dimensional stationary squashed Kaluza-Klein
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black hole solutions [1–30] have smooth horizons, the five-dimensional dynamical Kaluza-
Klein black hole has weakly singular event horizon. This is similar to the extremal charged
Kaluza-Klein black hole solutions [21] in the case of higher than five dimensions.
Numbers of extremal charged stationary black hole solutions are constructed by using
harmonic functions on Ricci flat base spaces. In these cases, black hole horizons are degen-
erate. Similarly, the solution in the present paper is constructed by a harmonic function on
a Ricci flat base space. However, the base space in the present case has the time-variable
as a parameter. This is the reason why the solution is dynamical. Resultant black hole has
non-degenerate horizon in this case. It is worth noting that the set of metric and Maxwell
field is also a solution of the Einstein-Maxwell-Chern-Simons system.
In the late time, though the size of extra dimension in the far region shrinks to a smaller
size than that of the black hole, the event horizon does not change in its size. Indeed,
the total spacetime is dynamical, but the geometry of near the event horizon is static.
The expansion of the outgoing null geodesic congruence emanating from the event horizon
is vanishing, i.e., the event horizon is an apparent horizon even though the spacetime is
dynamical. We can understand this result as follows. In static vacuum Kaluza-Klein black
hole solutions [1, 2], the horizons are flattened as the size parameters of the extra dimension
become small. In contrast, in the case of charged Kaluza-Klein black holes [5], the horizon
can be fat and round against to the small extra dimension. Thus, we would expect that the
existence of electric charge stabilizes the size of black hole against shrinking extra dimension
of the Kaluza-Klein universe in the present solution.
The solution (2) can be easily generalized to multi-black hole solution. In this solution,
the metric (2), the harmonic functions (4) and (5) are replaced by
ds2 = −H−2dt2 +H [V (dx2 + dy2 + dz2) + V −1(dζ + ω)2] , (45)
H = 1 +
∑
i
Mi
|x− xi| , (46)
V =
t
t0
+
∑
i
Ni
|x− xi| , (47)
where the 1-form ω is determined by ∇× ω = ∇V , and t0, Mi, Ni are positive constants,
and x = (x, y, z), xi = (xi, yi, zi) denotes position vectors on the three-dimensional
Euclid space. The metric (45) with the harmonic functions (46) and (47) would describe
the multi-black holes. We leave the analysis for the future.
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